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c.  probjar.  which  b.-rfi  Rayleigh  considered,  (Reflection  from  n 
Corrupted  Surface)  end  which  s-vernl  have  treated  appro:,  incbt-ly  in 
x'ecent  years,  ic  developed  in  a general  form.  fn  exact  solution  in 
obtained  by  extensive  use,  of  T-'i c ier*s  Generalized  IIoir.;..->nlc  - ip.  si 3 
This  solution  ic  readily  extend  ' to  include  electros  asnetic  * eves, 
general  elastic  waves,  and  non-pie nar,  non-harmonic  sources,  Kuiner 
ical  evaluation  of  the  formulae  io  considered  ty  means  of  an 
operational  representation.  fror.  which  various  typos  of  success?,  ve 
approximations  can  be  constructed. 


applications  can  be  of  special  .interest  in  scatter  communications 
stl  d in  underwater  sound  transmission  and  reverberation.  iDcperisT<ent?.l 
evidence  from  rlie  latter  area  indicates  tlx  at  n rather  detailed  thaory 
is  necessary  for  an  adequate  account  of  the  situation. 
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It  is  appropriate  to  discuss  the  problem  at  this  Internal: 
Concrers,  considering  that  important  earlier  contributions  ' v: 
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iiade  by  Rayleigh,  an  Englishman,  Eckart,  an  American,  and  Erekhovokildi, 
a Russian,  among  a nur-ier  of  others. 

The  Material  presented  here  is  the  first  part  of  what  will  be  r 
throo  part  treatment.  In  this  first  part,  for  reasons  that  vill  be 
explained,  we  confine  our  attention  to  a rather  epeoiul  bat  funu«<  <un'  cl 
crs8.  !’e  shall  then  anticipate  fcreifiy  parts  two  and  throe,  which 
respectively  generalise  and  apply  the  results. 

ST/'TEHBi’T  OF  THE  PRODIi?! 

7 to  wish  to  corici  der  the  scattering  of  on  aro&traiy  wave  incident 
\pon  .the  irror-ular  mrfeoo  separating  tvo  nodi:  of  different  propagn- 
tion  constants  and  impedances.  however,  it  results  that  tha  J.inct 
g<a.eral  theory  can  be  xado  to  depend  simply  on  a :nuch  nare  modest  yot 
fundamental  one.  Hilts  fmdeae nt&l  theory  will.  bo  left  in  an  heuristic 
form,  in  order  to  s’/old  presenting  the  exceedingly  heavy  unei rvi  c re- 
quired for  a rigorous  treatr’ient. 


GFGMETRY  OF  Of®  RIMENSIOJIAL  SURFACE 


Fig.  1 

Thus,  we  first  consider  the  case  of  a piano,  simple  harmonic  scalar 
(acoustic)  wave,  incident  upon  an  irregular  one  dimensional  surface 
z(x)b  (as  in  Figure  1)  on  which  tlie  wave  potential  vanishes,  hake  the 
following  identifications: 


^ The  one  dimensional  surface  is  an  ordinary  one  whose  generators  form  a 
parallel  family  (in  this  case,  parallel  to  the  y axis) . The  incident 
wave  is  parallel  to  these  generators,  and  hence  also  the  scattered  wave. 
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It  is  convenient  to  use  rc  --d5 . -r : on  1 coordinates,  and  to  t?-.;, press  the 
superfluous  tire  fretor.  Ptrther,  1 ' h denote  tfco  root-ineo.vsquaro 
heifiit  of  the  surfac-3,  i.o.. 


plane  trnve  reprenoiv' ril  ion  fo: 
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G'Mflenobos  the  Generalized  spectrum  of  g(z)  esd  the  convention 
on  v7  assures  that,  tho  elementary  scattered  iravoe  arc  outgoing. 

Collecting  rocults,  vo  take  03  our  point  of  departure  tha 
equation 


-t  + 
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(3) 
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THE  ROIE  OF  OECrRAUCTED  HARMONIC  ANALYSIS  IN  THE  PRQBIH1. 

Our  philosophy  in  studying  Bq.  (3)  is  as  foUcr.rs:  the 

generalized  spectrum  in  vnvc  - number  space  of  the  scattered  rave,  j.s 
according  to  Ueiner,  related  to  that  nave  by 
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is  the  symbolic  operator  representing  this  generalised  spectrum. 
Corresponding  to  G-OO  there  is  a correlation  function  <-»/£)  possess- 
ing the  usual  Pburier  mate  1 " 


-A-O)  - j 'e'^r/petf 


(5) 


The  physical  meaning  of  this  transform  is  this;  -AOt)  is  proncrtionol 
to  the  intensity  of  waves  proceeding  parallel  to  the  lino  with  direc- 
tion cosines  ^ , i J . (Ve  call  this  the  direction  .)  Our  gcral  is 
the  calculation  o f-Ai.  i'l)  , the  scattered  intensity  spectrin,  in 
terns  of  the  statistical  properties  of  the  free  ourfaco*  t\x).  In 
general,-/!,  vd.ll  consist  of  both  a discrete  and  a continuous  portion. 
The  discrete  portion,  whare-ZL  is  singular,  represents  plane  scattered 
raves  of  finite  amplitude  (such  as  the  specularly  reflected  wave) . Jbr 
such  plane  waves,  the  integral  of-/L  in  the  immediate  vicinity  of  its 
singularity  is  equal  to  the  average  square  wave  amplitude. 

DETER:  3IJATI0IT  OF  TEE  GENERA  UZED  SPECTRUM 


We  eeotc  to  represent  the  generalized  spectrum  as  a power  series 
in  <T  , the  r.m.s.  surface  height: 
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'yf  "q.  {£)  into  ::/z.  (3)  r rd  equating  to  r.ero  the  net  co- 

s:jT1c  t each  power  o’  a*  . >o,  7)  canstituto  an  ' tet 

of  utnul-u  aeous  linear  equations  cr  rho  deteminatior  of  ti-e  ,4W  ( A v, . 

ils  of  the  eolation  of  t)  ;r  sot  are  loft,  for  the  opperviix. 

•Yon  the  sot  vo  can  construr.t  • . and  tire  ret.rdt  is 
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liq.  (6)  j.a  readily  understood  ae  a sequence  of  tern-s  in  which  the 
symbolic  operator 


.c7\f  Ci/crj- 
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repeatedly j,  the  rutiber  of  iterations  increasing  unifomlj  through 
!Cau.3nce.  mu*.  Mwrrrf.t™  VP  _ a p^olxl  iteration  oi  the 


acta 

* v . — - — — — — -l  vt.  a i>iyi 

tho  sequence.  Thus,  interpreting  X p as 
basdi  operation,  L'q . (p),  and  setting 


-fQ?)  - j e~‘  A^cf£(\) 


(10) 


kg  can  write  ninply 
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(oi) 


„ ^luntion  (11)  is  the  natural  point  of  departure  for  extension  of 

"IS0 IT.  ? m°re  efTeral  situaiions*  Por  nixed  boundary  conditions, 
as  wits  electromagnetic  or  elastic  transverse  waves,  it  ip  found  that 

t;oll?Qtifn°r>aX  ??dif*cd  b>‘  inching  a kernel  which  is  essen- 

,'0ilectlon  ^or  transniesion)  coefficient  for  a plane 
The  formulae  ore  readily  adapted  to  throe  dimensional  surfaces 
requirements  of  syrmeory,  and  to  other  typer  of  incident  raven  by 
Fourier  synthesis.  J 
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HIS  CCRREI/TIOfl  FUNCTION  AND  ECATTKRLP  SPECTRA 

' e are  now  In  a position  to  write  down  an  exproenion  for  the 
correlation  function,  which  by  definition  is 


Here  -f  *■  io  the  complex  conjugate  of  f anti  tho  nine rago  ifi  be  -token 
over  the  family  of  eurftK-.ee  §*  . ’.’o  hate  explicitly 


g \ (13) 

(I  ■+  x)(/  + x'*  / 

in  which  the  prlnes  indicate  that  is  to  be  replaced  by  c ' . Since 
the  operator  involves  quantities  to  be  aver  a red,  it  is  necessary  to 
cast  Sq«  (13)  into  a form  free  fron  curators  before  contcnp la ting 
numerical  work,  A powerful  procedure  consists  in  considering  the 
various  power  series  representations  of  1 which  are  derivable 

on  the  principle  of  analytic  continuation,  ^iri  ^his  way,  successive 
approximations  involving  simple  iterations  suitable  for  high  speed 
computations  can  be  constructed  as  appropriate  to  tho  particular  problem 

at  hand. 
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APPLICATIONS 


Two  applications  are  of  coma  current  int erect,  as  they  appear  to 
require  a rather  detailed  theory.  In  scatter  communications,  socor.d 
order  effects  arc  of  interest  which  give  rise  to  interactions  and  con- 
sequent signal  distortion. 
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ir.  iit'r  ••rtcr  ccouetica,  revert  r.  lore  crura,  i/.  bict?  ace  tiler  In,-, 
•"r  i t:  ■ .un  :rricr  o ' the  i.-oter  V \e  jjync  boci  of  central  tnpor-J 
t.-  cu.  >U;p»re  2 i.  a typical  tack  renter:  coefficient 

c’r  net c ■ Lstic  of  ccer~.  : attain.  ■’•‘  u \nsr.:  pitivltv  V back 
5cs  t ;o.  - - to  i'r.-q,  :cno.y  . s strikii;  Lnce-  t./»  rod  it  f Ion  wove 
lengths  ' valved  5 ero  range  fro-  tiraes  greater  to  ran/  tiaos 

frailer  tv.  the  ccn  1.2  of  natural  objects  or  i.  .-ogjln.-itie ; to  be 
f.apeett:  on  cce  it  ip  clan  that  a ' c ■- 1 1 then:  ;,  is  r cc- 

of  ear,/  for  •’’!  e lequsto  account  of  i:  s situnt  ion.  . :Us-r  s ti  eor. 
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The  furdarscnhc.1  aquation  Is  (Iij.  7) 
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From  (1)  wo  can  writs 
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How  Gubetitute  the  l.h„s.  of  the  second  of  3qa.  (2)  into  the  r.h.e. , 
end  <»ot 
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Substitute  the  l*h*s*  of  iij*  (3)  into  the  r*h*3«>  and  got 
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Prom  Qcj.  (h)  the  rocult  of  repeated  nubetitutions  is  clear.  Vo  cm 
now  .fam  '*  /\^  (A ) $ which  io 
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Further,  interorntiiv;  tho  iiorabou  a no  U i rc3v.lt  of  f.i 

cporator  (soy  X)  acting  repeatedly,  vc  can  write  oirsply 
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l I x 
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X being  the  operator 
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It  will  be  noticed  that  the  operator  X consists  of  two  torsis,  arising 
from  the  two  additive  ports  of  H.  The  second  of  these,  i.«.,  thct 
associated  with  -I,  if.  clearly  the  identity  operator  (with  change  of 
sign).  Hence,  we  can  write 

I _ r St,. 


F{f>  -- 


-e 


y being  the  operator  J LcfVi/\  J , aquation  (7)  is  eiraply  the 
operational  solution  to  equation  (1),  and  as  such  provides  a ocrcploto 
check  on  the  accuracy  of  our  results. 
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